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According to a variant of the hoop conjecture, if we localize two particles within the Schwarzschild
radius corresponding to their center of mass energy, then a black hole will form. Despite a large body
of work on the formation of primordial black holes, so far this conjecture has not been generalized
to expanding spacetimes. We derive a formula which gives the distance within which two particles
must be localized to give a black hole, and which crucially depends on the expansion rate of the
background space. In the limit of a very slow expansion, we recover the flat spacetime case. In
the opposite limit of the large expansion rate when the inverse Hubble radius is smaller than the
Schwarzschild radius of a “would be” black hole, the new critical distance between two particles that
can make a black hole becomes equal to the particle horizon, which is just a requirement that the
particles are in a causal contact. This behavior also nicely illustrates why the Big Bang singularity
is not a black hole. We then use our formula to calculate the number density, energy density and
production rate of black holes produced in collisions of particles. We find that though black holes
might be numerous at high temperatures, they never dominate over the background radiation below
the Planck temperature.
PACS numbers:
I. INTRODUCTION
The formation of primordial black holes (PBHs) in
early universe is one of the most important and very
active area of research in cosmology and astrophysics.
There are several well studied mechanism of PBH for-
mation, like large density fluctuations in early universe
(either from inflation or from cosmological phase tran-
sitions), collapse of cosmic string loops, and collapse of
closed domain walls [1–8]. Their potential role in cos-
mology is very wide, from providing practical solutions
to the cosmological monopole and domain wall problems
[6, 7] to playing important role as potential dark matter
candidates and source of primordial gravitational waves
[9–14]. They might even affect stability of the Higgs po-
tential by acting as nucleation seeds for the decay of a
metastable vacuum [15, 16]. The energy fraction of the
universe in PBHs at their formation is well constrained
from various observations [17–23].
The purpose of the work presented in the current pa-
per is two-fold. First, we present a novel mechanism
for PBHs production – collisions of energetic particles in
early universe. Second, virtually all the work done on this
topic utilizes a simplifying assumption that the produced
black holes are well described by the Schwarzschild solu-
tion. However, the collapsing matter in early universe
must be unavoidably affected by an expanding back-
ground, making the PBHs production more difficult than
in Minkowski space. We developed formalism that effec-
tively takes the expanding background into account, and
demonstrate that the expansion rate of the universe can
significantly affect the PBHs production.
According to the hoop conjecture [24], if we com-
press a certain amount of mass/energy within its own
Schwarzschild radius, then a horizon and thus a black
hole will form. In a variant of the original hoop conjec-
ture, if the impact parameter in collision of two particles
is smaller than the Schwarzschild diameter for the given
center of mass (COM) energy of these particles, then a
black hole with the mass equal to the COM energy will
form. This mechanism was widely used in search for mini
black holes in collider experiments [25–27]. While colli-
sion of two particles is not indeed an analog of a spheri-
cally symmetric collapse, there is a strong evidence that
the horizon forms in this case too [28]. At low temper-
atures, this process is highly suppressed due to the lack
of highly energetic particles, but at high temperatures it
cannot be neglected. In [29, 30], the authors have shown
that, in a simple thermodynamic system in flat space-
time, the number density of black holes (nbh) produced
in collisions of particles exceeds the number density of
particles (npar) at a temperature close to but lower than
the Planck temperature. Even at low temperatures this
process can significantly modify processes that naturally
take very long time, like the Poincare recurrence [31].
While we do not expect that PBHs formed in this
way in early universe will dominate the energy density
at sub-Planckian temperatures, they can be formed in
significant numbers and play important role in cosmol-
ogy and astrophysics. Moreover, number density of PBHs
formed by other mechanisms like collapse of the cosmic
string loops and density fluctuations during cosmological
phase transitions crucially depend on the unknown de-
tails of the underlying physics. In that regard, collisions
of particles as a mechanism of PBHs production might
be one of the most conservative mechanisms. The num-
ber density of produced PBHs uniquely depends only on
the temperature and expansion rate of the universe, and
the predictions might fail only if the hoop conjecture is
somehow not correct.
In this paper we consider a homogeneous system con-
sisting of radiation (for simplicity massless bosons) in
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2the background of the expanding Friedman-Robertson-
Walker (FRW) universe. In the expanding spacetime it
is harder to trap particles, hence the impact parameter
yielding a black hole should be smaller than the corre-
sponding value for the same mass/energy in flat space-
time. Therefore, the hoop conjecture should be modified
to take the effect of expansion into account. We first do
not impose any constraints on the mass of the produced
PBHs, and find that the black hole number and energy
densities increase monotonically with temperature as ex-
pected.
We then repeat analysis for the case where we restrict
the masses of the produced PBHs. The first restriction
comes from the fact the physics beyond the Planck scale
is unknown, hence mass of a PBH should be limited from
below by Mpl. The second restriction comes from the
requirement that only PBH that can survive should be
counted. Since black holes radiate via Hawking radia-
tion, in order to create a survivable black hole the back-
ground temperature of the radiation must be higher than
the black hole temperature. While these restrictions do
not significantly affect the distribution of the black holes
black holes at high temperatures, they do radically re-
duce the nBH and ρBH at low temperatures.
II. MODIFIED HOOP CONJECTURE IN
EXPANDING SPACETIME
In Minkowski space-time, the center of mass energy
(COM) in the collision of any two particles with momenta
k1 and k2 is given by
M =
√
2m2 + 2E1E2 − k1k2 cos θ1,2, (1)
where the relativistic energies of the particles are
E1
2 = k1
2 +m2, (2)
and
E2
2 = k2
2 +m2 (3)
while θ1,2 is the angle between the momenta k1 and k2.
For simplicity, we will consider massless bosons. In flat
spacetime, if the impact parameter in collision of two
particles is smaller than the Schwarzschild diameter for
the given COM energy of these particles, then a black
hole with the mass equal to the COM energy will form.
As we mentioned in the introduction, the expanding
background spacetime makes the particles more difficult
to trap, so the formation of a black hole should be more
difficult than in flat spacetime. Hence the impact param-
eter must be smaller than 2RS , and must depend on the
rate of expansion (i.e. Hubble parameter). The FRW
metric is
ds2 = −dt2 + a2(t) [dx2 + x2 (dθ2 + sin2 θdφ2)] , (4)
where a(t) is the scale factor, and x is the radial coordi-
nate. It will be useful to write FRW metric in new coor-
dinates related to the comoving coordinates as ~r = a(t)~x.
In these coordinates the metric becomes
ds2 = −(1−H2r2)dt2 + dr2 − 2Hrdrdt, (5)
where H ≡ da/dt is the Hubble parameter, we work in
units where the speed of light c = 1, and we kept only
the radial and temporal part of the metric. This is the
metric in the referent system of one of the colliding par-
ticles (in our case the particle with the momentum k1).
To estimate the effect of the expansion on impact pa-
rameter, consider two (for simplicity massless) particles
at the distance R′. The first particle, with momentum
k1, is located at the center of the coordinate system,
r = 0, whereas the second particle, with momentum k2,
is located at the coordinate r = R′, moving away with
a recession velocity which depends on its location (see
Fig. (1)). Due to the expansion, the energy of the second
particle will be redshifted with respect to the first parti-
cle. The proper time intervals of observers located at r1
and r2 are respectively related to the coordinate time t
by
dτ1 =
√
−g00(r1)dt , dτ2 =
√
−g00(r2)dt. (6)
Since the change in frequency, ω, is determined by the
change in the proper time, by eliminating dt from the
above equations we get
ω2
ω1
=
dτ1
dτ2
=
√−g00(r1)√−g00(r2) . (7)
Because all we need is the change in the proper time, the
cross term drdt vanishes, and we recovered the standard
redshift which is usually determined by the g00 term in
the metric.
Another way to see the same thing is to realize that
−g00 = (1−H2r2) = 1−v2rec, by using the Hubble’s rela-
tion vrec = Hr. In general, the Hubble parameter H can
be time dependent, but during the very short duration of
the particle collision may be considered to be constant.
Then
√−g00 becomes just an inverse relativistic gamma
factor. Thus, the redshifted energy of the second particle
with respect to the first particle is
k′2 = k2
√−g00 = k2
√
1−H2R′2. (8)
In Minkowski space-time the center of mass energy is
Lorentz invariant, so it is the same in all frames. How-
ever, in an expanding universe, this quantity will change
with the perceived redshift. In the center of mass frame
in the static space-time, the Schwarzschild radius associ-
ated with the mass/energy M is RS = 2M (we work in
units where G = 1). In an expanding universe described
by the metric in Eq. (5), where the particle with k1 is
located at the origin, we have R′S = 2M
′, where M ′ is
the redshifted energy, i.e.
M ′ =
√
2k′1k
′
2(1− cos θ1,2), (9)
3while R′S is the corresponding modified Schwarzschild ra-
dius. Since the particle with k1 is located at the ori-
gin, its energy is not redshifted, so k′1 = k1, while k
′
2 is
given by Eq. (8). The strength of gravity determined by
the Newton’s constant G is the same in both frames,
so M/RS = M
′/R′S . However, since any two parti-
cles with the center of mass energy M within the dis-
tance R = 2RS would make a black hole (as in Fig.(1)),
our condition for the impact parameter R′ should be
M/(2RS) = M
′/R′.[Note that M ′ depends on the dis-
tance r through k′2, so R
′ 6= 2R′S .] This gives the impact
parameter that yields a black hole formation as
R′ = 2RS
√√
1 + 4H4R4S − 2H2R2S . (10)
The relation in Eq. (10) represents the modified hoop
conjecture for an expanding spacetime. We derived it for
the collision of two particles, but since M just represents
the total mass/energy in the system, it should be valid
in a more general setup of gravitational collapse, perhaps
up to some geometric factors of the order of unity. The
only limitation is that we did not take the energy density
from the environment into account. This however is not
a serious limitation as shown in Appendix A.
Obviously, in the limit of H → 0, we recover the flat
spacetime case as R′ → 2RS . In the opposite limit of
the large expansion rate, H  R−1S , the expression con-
verges to R′ → H−1, which coincides with the particle
horizon. This behavior is easy to explain. If H  R−1S ,
then the particle horizon, H−1, is smaller than the origi-
nal Schwarzschild radius, RS , of a“would be” black hole.
Then the new critical distance between two particles that
can make a black hole, i.e. R′ → H−1, becomes just a
requirement that these two particles are in causal con-
tact. Otherwise, even if the particles are inside their own
Schwarzschild radius, they still cannot make a black hole
since they are not in a causal contact and therefore can-
not interact. This fact also nicely illustrates why the
Big Bang singularity is not a black hole despite having
infinite energy density. In the extreme limit of H → ∞
particles are moving away from each other so rapidly that
they can not be trapped to form a black hole. In that
limit the trapping distance becomes R′ → 0. Of course,
the limit H →∞ can be taken just for the purpose of il-
lustration, since unknown quantum gravity effects should
get important in that regime.
III. CALCULATING BLACK HOLE NUMBER
DENSITY, ENERGY DENSITY, AND
PRODUCTION RATE
Using the modified hoop conjecture derived in the pre-
vious section, we will now calculate the number density,
energy density, and production rate of the black holes
produced in collisions of particles at a given tempera-
ture. We consider a bosonic gas at some temperature T .
FIG. 1: In a flat spacetime, if two particle collide with the im-
pact parameter 2RS , where RS is given by the center of mass
energy of the colliding particles, then their collision will lead
to the formation of a black hole. However, in an expanding
FRW spacetime, particles are moving away from each other
with recession velocity, ~vrec, which makes it harder to trap
them. If a particle with momentum k1 is placed at the coor-
dinate center, then the energy of the particle with momentum
k2 will be redshifted by the factor of
√−g00 in the metric
given by Eq. (5). As a consequence, an impact parameter
that yields a black hole will be reduced.
The system is described with the Bose-Einstein statis-
tics, which gives the expected number of particles in the
energy state Ei as
f(Ei) =
1
e
Ei
kBT − 1
, (11)
where kB is the Boltzmann constant. As mentioned in
the previous section, the center of mass energy in the
collision of any two massless particles with momenta k1
and k2 is given by
M =
√
2E1E2 − k1k2 cos θ1,2, (12)
where the relativistic energies of the particles are
E1
2 = k1
2, (13)
and
E2
2 = k2
2 (14)
while θ1,2 is the angle between the momenta k1 and k2.
Let’s single out the particle with momentum k1. The
probability of the collision of this particle with any other
particle within the impact parameter R is given by
dP =
4pi
3
R3f(k2)
d3k2
(2pi)3
(15)
According to the hoop conjecture, if R < R′, where R′ is
given by the relation in Eq. (10), while RS = 2M (with
4M given by Eq. (12)), then the collision will yield forma-
tion of a black hole. The number density of black holes
produced this way, nbh, can be estimated by integrat-
ing over the all values of momenta k1 and k2 that both
particles can take, i.e.
nbh =
1
2(2pi)6
∫
4pi
3
R3f(k1)f(k2)d
3k1d
3k2, (16)
where the volume element is
d3~k1,2 = k
2
1,2 sin θ1,2dφ1,2dk1,2. (17)
Integration over θ1,2 is somewhat nontrivial and requires
explanation. Since the coordinate system can always be
rotated to align the z-axis along the particle momentum
k1, then the angle θ1,2 will be simply angle θ2. The in-
tegration over φ1 and θ1 is straightforward and gives the
usual 4pi. Thus, we have
nbh =
1
12pi3
∫
R3f(k1)f(k2)k
2
1k
2
2 sin θ2dk1dk2dθ2. (18)
The nonlinear form of Eq. (10) does not allow analyti-
cal integration of Eq. (18) because k1 and k2 are coupled
to each other, hence numerical methods must used to
evaluate the integral in Eq. (18). All of the plots shown
in this paper are evaluated numerically. However, for
illustration purpose, in the approximation of a slow ex-
pansion HRS << 1 (which turns out not to be very re-
strictive because of the smallness of RS), we can proceed
analytically. Using this approximation one can write
R3 = (2Rs)
3(1− 2H2Rs2)3/2
≈ (4M)3(1− 12H2M2). (19)
Obviously, finding an explicit form of the Hubble param-
eter, H, is crucial for our calculations. The presence of
black holes can modify the usual radiation dominated
evolution, so we have to incorporate the contribution
from the energy density which is in black holes.
The black hole number density from Eq.(18) can be
written in terms of the Hubble parameter as
nbh =
1
12pi3
∫
(4M)3(1− 12H2M2)f(k1)f(k2)
k21k
2
2 sin θ2dk1dk2dθ2.
(20)
Now k1 and k2 can be separated and integrated analyt-
ically. The number density of the radiation particles,
nrad, is defined as
nrad =
1
2pi3
∫
f(k)d3k
=
ζ(3)T 3
pi2
. (21)
Similarly, ρbh also depends on H and T , and is given by
ρbh =
1
2(2pi)6
∫
M
4pi
3
(R)3f(k1)f(k2)d
3k1d
3k2
= ρbh1 − 12H2ρbh2 . (22)
We assigned here the shorthands ρbh1 and ρbh2 as
ρbh1 =
64
3pi3
∫
k41k
4
2χ
2f(k1)f(k2)dk1dk2dχ (23)
ρbh2 =
128
3pi3
∫
k51k
5
2χ
3f(k1)f(k2)dk1dk2dχ, (24)
where χ = 1 − cos θ2. The energy density of radiation,
ρrad, depends only on the temperature. In particular,
ρrad =
1
(2pi)3
∫
k1f(k1)d
3k1, (25)
which can be integrated to give
ρrad =
pi2
30
T 4. (26)
Since we know ρbh and ρrad as a function of T and H, the
cosmological Friedmann equation can be used to evaluate
H in terms of T . The Friedmann equation is
H2 =
8pi
3
(ρrad + ρbh). (27)
By substituting the expressions for ρrad and ρbh, H comes
out to be
H =
√√√√8pi
3
[(
ρbh1 +
pi2T 4
30
)
32piρbh2 + 1
]
(28)
With this explicit form of the Hubble parameter, we can
evaluate the black hole number and energy densities in
Eqs. (20) and (22) as a function of temperature.
It is now instructive to check the domain of validity
of the slow expansion approximation (RSH << 1) in
which analytic computations can be done. In Fig. (2), we
plot RSH as a function of temperature. Since we used
the units in which G = 1, temperature is measured in
units of the Planck temperature Tpl. We can see that the
approximation is valid up to 0.2Tpl which covers most of
the relevant temperature range.
The rate of black hole production (n˙bh ≡ dnbh/dt) can
be calculated in the similar fashion. To calculate n˙bh,
let us take again two particles with momenta k1 and k2.
Locating the particle with momentum k1 at the origin,
the number of collisions between this single particle and
all other particles within the time interval dt is given by
dNcol =
nraddt
(2pi)3
∫
d3k2v12(~k1,~k2)σ12(~k1,~k2)f(E2),
(29)
where v12 is the relative velocity of the particles, while
σ12 is the black hole production cross section.
Then, n˙bh is obtained by integrating dNcol/dt over all
the values of the momentum k1 as
dnbh
dt
=
1
2(2pi)3
nrad
∫
d3k1f(E1)
dN
(1)
col
dt
. (30)
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FIG. 2: We plot RSH as a function of temperature. It can
be seen that the slow expansion approximation (RSH << 1)
which enables analytical analysis of the system is valid up to
T ≈ 0.2Tpl.
The above expression may be explicitly written as
dnbh
dt
=
1
2(2pi)6
n2rad
∫ ∫
d3k1d
3k2v12(~k1,~k2)
σ12(~k1,~k2)f(k1)f(k2)
(31)
The peculiar relative velocity between two particles is
vp12(
~k1,~k2) = | ~v1 − ~v2 |
=
√
v21 + v
2
2 − 2v1v2 cos θ2. (32)
The individual velocities of the particles are defined as
v1 =
k1
E1
and v2 =
k2
E2
. Therefore
vp12(
~k1,~k2) =
√(
k1
E1
)2
+
(
k2
E2
)2
− 2 k1k2
E1E2
cos θ2.
(33)
The expansion of the background spacetime has also an
effect on relative velocities of any two particles. The total
relative velocity must pick up the contribution from the
recession velocity. Thus, the total relative velocity v12 is
given by
~v12 = v
p
12(
~k1,~k2)− ~vrecession (34)
= vp12(
~k1,~k2)−HR (35)
The black hole production cross section is defined as
σ12 = piR
2
≈ pi
[
4M
√
1− 8H2M2
]2
. (36)
Substituting v12 and σ12 from Eq. (35) and Eq. (36) into
Eq. (31) gives,
dnbh
dt
=
1
16pi3
n2rad
∫ ∫
k21k
2
2dk1dk2dχ
(√
2χ−HR
)
R2f(k1)f(k2)
(37)
where χ = (1 − cos(θ2)), nrad is the number density of
the radiation particles, while the impact parameter, R, is
given in Eq. (10). This is an exact formula without any
approximations. To simplify it a bit, an approximate
expression for the impact parameter from Eq. (19) can
be used to arrive at the approximate final expression for
n˙bh as
dnbh
dt
=
1
2
n2rad
(2pi)6
∫ ∫
256pi3k1
3k2
3χ(
√
2χ(1− 8H2M2)− 4HM)f(k1)f(k2)dχdk1dk2, (38)
IV. INTEGRATING EQUATIONS WITH NO
RESTRICTION ON THE BLACK HOLE MASS
In this section, we will consider an ideal scenario in
which the black hole masses are not restricted, so k1, k2
and θ can take any value allowed in their domain. In
that case, the integral for the black hole number density
in Eq. (20) can be solved exactly to give
nbh = a1T
9 − a2H2T 11, (39)
with a1 =
1470ζ( 92 )
2
pi2 and a2 =
1020600ζ( 112 )
2
pi2 , where ζ is
the Riemann zeta function. Similarly, black hole energy
density in Eq. (22) comes out to be
ρbh = b1T
10 − b2H2T 12, (40)
6where b1 =
32768ζ(5)2
pi3 and b2 =
131072pi9
3969 . As expected,
the terms containing H have negative contribution in
both nbh and ρrad, which means that the expansion is
suppressing black hole creation. Also, using Eq. (27), H
can be written as
H =
√
b1T 10 +
(
pi2
30
)
T 4(
3
8pi
)
+ b2T 12
. (41)
High temperature in early universe affects the relevant
physics in two ways. At high temperatures, black hole
production in collisions of particles steps up. On the
other hand, the value of the Hubble parameter also grows
with temperature, which in turn suppresses production
of PBHs. Since these are two competing effects, it is not
a priori clear how the system behaves. To illustrate what
is going on precisely, in Fig. (3) we plot nbh and particle
number density nrad as a function of temperature. As
noted above, all the plots are made from the exact ex-
pressions performing numerical calculations. In this case,
nbh and nrad are given by Eq. (18) and Eq. (21). It can
be seen that nrad dominates over nbh in the whole plot-
ted temperature range, but at high temperatures they
are comparable. This means that, while black holes can
be very numerous in early universe, they will never dom-
inate the system by their sheer numbers. This is in con-
trast with flat spacetime where around T ≈ 0.3Tpl black
holes start dominating the system by numbers. Obvi-
ously, the difference comes from the effects of expansion,
since as temperature increases the Hubble parameter in-
creases too, making formation of PBHs more difficult.
Similarly, in Fig. (4) we compare the energy densities
and show that black holes never dominate.
In Fig. (5), we plot the Hubble parameter, H, a
function of temperature. H is calculated exactly from
Eq. (27), and we can see that it increases monotonically
at all temperature as it should. However, compared with
the usual radiation dominated T 2 dependence, we see
that at very high temperatures, H increases faster due
to the contribution from ρbh.
In Fig. (6), we plot the black hole production rate, n˙bh,
as a function of temperature, using the exact expression
from Eq. (37). The rate increases monotonically with
temperature, as expected.
V. BLACK HOLES HEAVIER THAN THE
PLANCK MASS AND COLDER THAN THE
SURROUNDING RADIATION
In previous section we did not put any constraints on
the produced black hole mass. However, black holes with
sub-Planckian masses (i.e. M < Mpl) have Hawking
temperature higher than Tpl, which cannot be reliably
described by a semi-classical theory. To avoid this prob-
lem, we require that the produced black holes are more
massive than Mpl. Since the produced black hole mass
depends on the collision angle θ2 and momenta k1 and k2
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FIG. 3: We plot black hole number density, nbh, and particle
number density nrad as a function of temperature. It is clear
that black holes do not dominate the system (nrad>nBH) in
the explored regime. This result is in contrast with the flat
space time where nbh dominate at T > 0.3Tpl. The difference
comes from the expansion of universe which makes harder to
trap particles.
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FIG. 4: We plot black hole energy density, ρbh, and radi-
ation energy density ρrad as a function of temperature. En-
ergy density of black holes never dominates the system at any
temperature.
through Eq. (12), the constraint M > Mpl restricts the
values that the angle θ2 can take as
χ >
1
2k1k2
, (42)
where χ = 1− cos(θ2). Since 0 < k1, k2 <∞, the param-
eter x can potentially take values larger than 2, which
falls beyond the valid domain of χ (i.e. χ < 2). To sat-
isfy condition in Eq. (42), k1 and k2 must satisfy relation
k2 >
1
4k1
. Due to this change in integration limits, the
relevant integrals can not be solved exactly even in the
slow expansion limit. Therefore, the integration must be
done numerically.
Another constraint that we want to impose comes form
the requirement that we do not want the produced PBHs
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FIG. 5: We plot the Hubble parameter, H, as a function of
temperature. The red curve represents H in the early uni-
verse containing black holes, while the green curve is H in
the usual radiation dominated universe. At low temperatures
they are indistinguishable, however at high temperatures the
black hole energy density, ρbh, is significant and contributes
to higher values of H.
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FIG. 6: We plot the black hole production rate, n˙bh, as a func-
tion of temperature temperature. As expected the black hole
production increases monotonically as temperature increases.
to disappear right after they are produced. In other
words, we want the Hawking temperature of the pro-
duced PBHs, T = (8piM)−1, to be lower than the tem-
perature of the surrounding radiation at the moment of
formation. For such black holes accretion will dominate
evaporation, and PBHs will remain in the system. [To an-
swer how long they can survive requires detailed analysis
of the time-dependent coupled system PBHs-radiation,
where PBHs and radiation can exchange energy, how-
ever, this is outside of the scope of this paper.] This
condition also restricts the mass of black holes and thus
the collision angle
χ >
1
128pi2k1k2T 2
(43)
Again, to satisfy 2 > χ > 0, we must have k2 >
1
256pi2k1T 2
, while k1 can take any positive real value. We
plot log(nbh) in Fig. (7) with these constraints taken
into account and compare it with the case with no con-
straints. At high temperatures, log(nbh) is of the same
order for every scenario. However at low temperatures,
the constraints significantly reduce the number of pro-
duced PBHs. One can see that the constraint T>Tbh is
more restrictive than M>Mpl at low temperatures. It is
also possible to notice a crossover at T ∼ 0.04Tpl, above
which is easier to create a black hole colder than the en-
vironment than a black hole heavier than Mpl. We also
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FIG. 7: We plot log(nbh) as a function of temperature for dif-
ferent constraints imposed on the produced black hole mass.
At high temperatures the black hole number density is sim-
ilar for each case. However at low temperatures the number
density decreases most rapidly for black holes colder than the
environment, Tbh< Trad. At T ∼ 0.04Tpl, there is a crossover
above which is easier to create a black hole colder than the
environment than a black hole heavier than Mpl.
note that in the explored temperature range there is no
significant change in behavior of the Hubble parameter
for all three plotted cases.
VI. CONCLUSION
We investigated here the question of primordial black
holes production in a thermodynamic system consisting
of radiation in an expanding FRW universe. We used a
well known fact that the particles collisions can lead to
formation of black holes if particles are confined within
the Schwarzschild radius corresponding to their center
of mass energy. This is known as a variant of the hoop
conjecture. However, the hoop conjecture has originally
been formulated for the flat spacetime, and has never
been generalized to expanding backgrounds. In this pa-
per, we first generalized the hoop conjecture to the case
of an expanding FRW universe. Our formula crucially
depends on the Hubble parameter (i.e. the rate of expan-
sion), and fatefully reproduces the flat spacetime limit.
The impact parameter leading to formation of black holes
is smaller than the corresponding flat spacetime value.
8In the limit of a very large Hubble parameter, H, (i.e.
when the H−1 is smaller than the original Schwarzschild
radius of a“would be” black hole), the new critical dis-
tance between two particles that can make a black hole
becomes just a particle horizon H−1. This is of course
just a requirement that two colliding particles are in a
causal contact, but it factors out naturally from our de-
rived formula for the modified hoop conjecture. In the
extreme limit of H →∞ particles are moving away from
each other so rapidly that they can not be trapped to
form a black hole. This is a nice illustration of the fact
that the Big Bang singularity is not a black hole.
We then applied our formula to calculate the num-
ber density of black holes, nbh, created in collisions be-
tween particles in the hot system of an expanding early
FRW universe. Since the background spacetime is ex-
panding, the probability of formation of black holes due
to the particle collisions is reduced. We first performed
analytic calculation without imposing any restriction on
the black hole mass, in the slow expansion approxima-
tion, HRS << 1, which is not very restrictive due to the
smallness of RS . All the relevant quantities were calcu-
lated as a function of the temperature of the radiation
(the free parameter in the system). We found that nbh
increases monotonically with temperature but it always
remain smaller than the radiation number density, nrad.
This is in contrast with flat space time where nbh dom-
inates around T ∼ 0.3Tpl. Similarly ρbh also increases
monotonically with temperature. We also plotted the
product RSH with temperature and it remain less than
unity up to T ≈ 0.2Tpl which covers most of the relevant
temperature range justifying the slow expansion approx-
imation in our analytic calculations.
We then repeated calculations for black holes which
are heavier than the Planck mass (semiclassical case),
and colder than the surrounding radiation (for which ac-
cretion dominates evaporation, and they remain in the
system). While at high temperatures, the number of
produced black holes does not depend much on the mass
restriction, at low temperatures the constraints signifi-
cantly reduce the number of produced black holes. It is
also possible to notice a crossover at T ∼ 0.04Tpl, above
which is easier to create a black hole colder than the en-
vironment than a black hole heavier than Mpl.
At the end we mention somewhat related work in [32]
and [33] where black hole production in anisotropic cos-
mologies due to large density perturbations were studied.
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Appendix A: Neglecting the background energy
density
In our derivation of the formula for the modified hoop
conjecture in Eq. (10), we took into account only the
center of mass energy of two colliding particles, and ne-
glected the background energy density of the FRW met-
ric. In other words, the mass of the produced black hole,
Mbh, is equal to the (appropriately redshifted) center of
mass energy of the two colliding particles, M ′, instead
of the Misner-Sharp-Hernandez (MSH) mass. Strictly
speaking, a sphere of radius R′ has the MSH mass
MMSH = M
′ +
H2R′3
2
= M ′ +
4pi
3
ρR′3, (A1)
Our approximation where we neglected the contribution
from ρ should be valid if the background energy density
does not gravitate, for example in the case of the de Sitter
space with ρ = Λ/(8pi), where Λ is the cosmological con-
stant. In the general case, this approximation is valid if
M ′ ≡Mbh >> 4pi3 ρradR′3, where R′ is given by Eq. (10).
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FIG. 8: Here we plot Mbh and ρradV
′ (where V ′ = 4pi
3
R′3)as
a function of temperature to check the validity of approxima-
tion. As we can see, ρradV
′ is always much smaller than Mbh
at all temperatures, which means that the background energy
density of the spacetime can be ignored safely.
To check our approximation, we plotted Mbh and
4pi
3 R
′3ρrad as a function of temperature in Fig. (8). It
is evident from the plot that Mbh is always significantly
larger than the ρradV
′ at all temperatures, hence justi-
fying our approximation.
We note here that the exact black hole solutions in ex-
panding spacetimes are most likely described by a wide
class of solution that the so-called McVittie solution be-
longs to [34–38]. These solutions take into account the
whole contribution from the MSH mass, however, no sin-
gle perfect fluid description can be used as a source for
these solutions, which makes their straightforward inter-
pretation difficult.
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